We study the solution space of general relativistic, axisymmetric, equilibria of differentially rotating neutron stars with realistic, nuclear equations of state. We find that different types of stars, which were identified by earlier works for polytropic equations of state, arise for realistic equations of state, too. Scanning the solution space for the sample of realistic equations of state we treat, we find lower limits on the maximum rest masses supported by cold, differentially rotating stars for each type of stars. We often discover equilibrium configurations that can support more than 2 times the mass of a static star. We call these equilibria "übermassive", and in our survey we findübermassive stars that can support up to 2.5 times the maximum rest mass that can be supported by a cold, non-rotating star with the same equation of state. This is nearly two times larger than what previous studies employing realistic equations of state had found, and which did not uncoverübermassive neutron stars. Moreover, we find that the increase in the maximum rest mass with respect to the non-spinning stellar counterpart is larger for moderately stiff equations of state. These results may have implications for the lifetime and the gravitational wave and electromagnetic counterparts of hypermassive neutron stars formed following binary neutron star mergers.
I. INTRODUCTION
Hypermassive Neutron Stars (HMNSs) [1] are transient configurations that are supported against gravitational collapse by the additional centrifugal support provided by differential rotation, and possibly also by thermal pressure [2, 3] . HMNSs may be ubiquitous remnants of binary neutron star (BNS) mergers (see e.g. [4] [5] [6] [7] for reviews and references therein). An HMNS was also a likely outcome [8] [9] [10] [11] of the LIGO/Virgo event GW170817 [12, 13] .
The study of differentially rotating relativistic stars is useful for understanding the types of BNS merger remnants that are possible, and their properties. Modest to high degrees of differential rotation may support an HMNS against collapse on dynamical timescales, but such objects are unstable on secular timescales (see e.g. [3, 14, 15] and references therein). An important quantity that determines whether following a BNS merger there will be prompt, delayed or no collapse at all, is the maximum mass that can be supported given an equation of state. Studying general relativistic, equilibrium models of differentially rotating stars provides a straightforward approach to determine this maximum mass.
In [16, 17] it was shown that cold, axisymmetric, differentially rotating stars described by either polytropic or realistic equations of state (EOSs) can support up to approximately 70% more mass when compared to the maximum rest mass that can be supported by a nonrotating star -the Tolman-Oppenheimer-Volkoff (TOV) limit. This result holds for the differential rotation law of [18] which we refer to as the KEH law. However, in [19] it was pointed out that early efforts to find the maximum rest mass of differentially rotating, axisymmetric configurations did not account for the full solution space with the KEH law. Subsequently, it was found in [20] that differentially rotating, axisymmetric, Γ = 2 polytropic models of neutron stars built with the KEH law can support up to ∼ 4 times the TOV limit at even modest degrees of differential rotation.
The solution space for relativistic, differentially rotating, axisymmetric stars with the KEH law has been shown to exhibit four types of equilibrium solutions [19] labeled A, B, C, and D. A careful scan among these types reveals that stars with quasi-toroidal topology are those that tend to be the most massive. Each stellar configuration belonging to a solution type falls along a sequence characterized by a quadruplet of parameters consisting of the maximum energy density max , the degree of differential rotationÂ −1 , the ratio of polar to equatorial radius r p /r e , and the parameterβ describing how close to the mass-shedding limit the configuration is. Note that the first three of the above parameters are needed to completely specify a configuration, yet the solution space requires four parameters to be described. The full solution space with the KEH law has been studied in great detail for polytropic EOSs of varying stiffness [21] . In [21] it was further shown that the existence of four types of solutions is a Universal feature for a range of polytropic indices n ∈ [2/3, 2]. Nevertheless, for n = 1.5 the authors did not report stars of type B, C, or D. These results imply that the possible types of solutions may depend on the equation of state. This is important because neutron star EOSs are not described by a single polytropic index and different realistic nuclear equations of state have varying degrees of stifness. While n = 1.5 does not correspond to models of neutron stars, a natural question arises by the work of [20, 21] : do the different types of differentially rotating, axisymmetric stars arise for realistic nuclear EOSs? If they do arise, what is the maximum rest mass that can be be supported by the different types of solutions when realistic nuclear EOSs are considered?
In this paper, we address these questions by considering the solution space for differentially rotating, axisymmetric stars built with the KEH law with realistic nuclear EOSs. We find that the different types of solutions identified in [19] arise even for realistic neutron star matter. As in [20, 21] we find that many configurations can support a mass more than 2 times the TOV limit. We term these configurations "übermassive". We propose a different name for these becauseübermassive neutron stars (ÜMNS) cannot arise in Nature through mergers of binary neutron stars. Thus, ifÜMMNs ever form through astrophysical processes, it would have to be through some other more exotic channels. For the sample of realistic EOSs we explore, in our scan of the solution space we findÜMNSs that can support up to 2.5 times (150 % more mass than) the corresponding TOV limit. Moreover, the increase in the maximum rest mass with respect to the TOV limit is larger for moderately stiff equations of state.
The remainder of this paper is organized as follows. In Section II we review basic equations and details pertaining to the solution space of differentially rotating stars built with the KEH law. In Section III we present the EOSs we treat here and their basic properties. In Section IV we describe our methods and reproduce some of the results presented in [20] for a Γ = 2 polytrope. Section V details our results, showing the solution space of differentially rotating stars with realistic nuclear EOSs along with the maximum rest mass models we found for each EOS we considered. We conclude in Section VI with a summary of our findings and a discussion of future directions. Geometrized units, where G = c = 1, are adopted throughout, unless otherwise specified.
II. BASIC EQUATIONS AND TYPES OF DIFFERENTIALLY ROTATING STARS
The spacetime of stationary, axisymmetric, equilibrium rotating stars is described by the following line element in spherical polar coordinates (see e.g. [22] )
where the metric potentials γ, ρ, α and ω are functions of r and θ only, and are determined by the solution of the Einstein equations coupled to the hydrostationary equilibrium equation for perfect fluids (see e.g. [7] for a review and other forms of the line element used in the literature). To close the system of equations an EOS and a differential rotation law are required.
Most studies of differentially rotating stars adopt the KEH rotation law [18] , which is also called j-constant rotation law (see [7] for a summary of other differential rotation laws.). In this law the specific angular momentum is a function of the angular velocity as follows
where u t and u φ are the temporal and azimuthal components of the fluid four velocity, respectively, Ω = u φ /u t is the local angular velocity of the fluid as seen by an observer at infinity, and Ω c is the angular velocity on the rotation axis. It is common and convenient to parameterize the angular velocity by considering the ratio of polar (r p ) to equatorial (r e ) radius of the star, rp re . Stars with larger values of Ω c tend to have a smaller value of rp re , indicative of a "flatter" stellar shape. The parameter A in Eq. (2) has units of length and is a measure of the degree of differential rotation in the star, i.e, the lengthscale over which the fluid angular velocity changes in the star. It is also common to use a rescaled A parameter
A general relativistic stellar configuration is then completely determined by the values ofÂ −1 , rp re , and the central or maximum energy density ( max ). In the case of uniform rotation or cases with low degrees of differential rotation the central energy density and max coincide, since max occurs at the center of the star. However, when considering differentially rotating stars a quasi-toroidal topology may arise in which case max is not at the geometric center of the configuration. In these cases it is more convenient to specify max instead of the value of the energy density at the center of the star. Models with extreme quasi-toroidal shapes tend to have very small (but non-zero) densities near the center.
The parameterÂ −1 is important for identifying the different types of solutions that arise for rotating stars. Another important parameter in describing differentially rotating stars is β, which parametrizes how close to mass-shedding the stellar model is. The parameter β was introduced in [19] and is defined as
where = r sin(θ) and z = r cos(θ) are cylindrical coordinates, and the derivative is evaluated on the surface of the star at the equator. On the surface of the star r = r(θ), thus the function z 2 ( 2 ) describes the surface shape, whose slope at the stellar equator determines how close to mass-shedding the configuration is. The "massshedding parameter" is defined in terms of β as [19] 
Whileβ is not a gauge-invariant quantity, it is useful in describing models in coordinates such as those defined by Eq. 1. Depending on the surface slope at the equator,β will approach different values. We are generally interested in three limiting values ofβ:
1. Non-rotating, spherical limit:
For a spherical TOV star, rp re = 1, and the derivative
everywhere on the surface. Thus, in this limitβ −→ 1 2 .
2. Mass-shedding limit: At the mass-shedding limit, the stellar configuration begins to lose mass at the equator. The surface derivative at the equator vanishes
Hence,β −→ 0 at the mass-shedding limit.
3. Toroidal limit: As the stellar topology approaches that of a toroid, r p −→ 0, and β becomes large. This implies thatβ −→ 1 as a sequence approaches the toroidal limit.
The above discussion suggests that the complete set of parameters describing general relativistic equilibria of stationary and axisymmetric, differentially rotating stars with the KEH law is the quadruplet ( max , 
The Type B stars near the mass-shedding limit are difficult to reach and we were not able to construct such extreme configurations.
• Type C: This sequence exhibits a smooth transition from a spherical solution (β = 0.5) to a quasi-toroidal solution (β = 1.0). As such, starting at a spheroid with highÂ −1 , and spinning Type C stars up by decreasing rp re would not result in mass-shedding, but would shape the models into a quasi-toroid. A potential path in the parameter space is as follows
• Type D: This type typically covers the smallest part of the parameter space. The models of this type are nontrivial to build directly from a spherical solution. This is because Type D sequences start and end at the massshedding limit (β = 0). Spinning these stars either up or down would result in mass-shedding. We were unable to build Type D sequences at fixed values of A −1 for any of the cases considered. However, we were able to construct individual candidate Type D models at specific values of the quadruplet ( max , rp re ,Â −1 ,β).
III. EQUATIONS OF STATE
We consider a set of four realistic EOSs, all of which can be found on the Compstar Online Supernovae Equations of State (ComPOSE) [23] database. We chose two zero-temperature EOSs and two finite temperature EOSs (in their "cold" limit) to study. The zerotemperature, nuclear EOSs we considered are APR [24] and FPS [25] . These zero-temperature EOSs were also considered in [17] and were chosen for a suitable compar-ison to the maximum rest mass models found therein. 14 The first finite temperature EOS we consider is a variant of the EOS of [26] which includes electrons, protons, neutrons and will hereafter be referred to as NL3. We also consider the EOS of [27] , which will hereafter be referred to as HFO. The finite temperature EOS tables include values of the rest mass density ρ 0 at different values of the temperature T and the electron fraction Y e . Since our focus is on cold, equilibrium models of differentially rotating stars we set T = 0.01 MeV, and enforce neutrinoless beta equilibrium as is common in the case of finite temperature EOSs. In particular we numerically solve for the value of Y e at which chemical equilibrium is established between neutrons, protons, and electrons,
where µ i is the chemical potential of species i. Once ρ 0 and T are specified for the EOS tables, we scan through values of Y e until the condition in Equation (6) is met. We then change the value of ρ 0 and repeat, building a tabulated EOS of pressure, rest mass density and energy density for the set of electron fractions corresponding to beta equilibrium. Figure 1 shows a plot of pressure as a function of energy density for the set of EOSs we treat in this work. Among these EOSs the FPS one does not satisfy the 2M lower bound on the maximum rest mass of a TOV star [28, 29] , but we include it in our set to compare with [17] . Also, the NL3 EOS may have too high a maximum mass [8] [9] [10] 30] and a radius of a 1.4M star that may be large compared to constraints from the observation of GW170817 [12, 31, 32 ], but we include it to examine the increase in the maximum rest mass due to differential rotation for an EOS with a large TOV limit mass. We compare the EOSs in terms of their stiffness, which we characterise by the ratio of average energy density¯ to maximum energy density max in models of equal rest mass M 0 for each EOS. The average density is defined as [17] 
where M is the gravitational mass and R c the circumferential radius. We build M 0 = 1.4M TOV models for each EOS, and look at the ratio of average to maximum energy density C C =¯ max .
A maximally stiff EOS would have C = 1, corresponding to a uniform energy density configuration. We list C
1.4
(Equation (8) for a 1.4M star) for each EOS in Table I .
As an alternative measure of EOS stiffness, and to compare with the polytropic models in [20] , we also consider the effective adiabatic index Γ nuc ef f for each model, calculated as in [17] . In particular, to find Γ nuc ef f for each realistic EOS we first calculate C nuc for the maximum rest mass TOV model. Next, we calculate the ratio C poly for the maximum rest mass TOV models of polytropes with a wide range of adiabatic indices Γ poly , and construct a function Γ poly (C poly ) that we interpolate at values of C poly that are not in our table. The effective adiabatic index of a nuclear EOS is then defined through
The effective adiabatic indices for the EOSs we treat are listed in Tab. I, where we also show the TOV limit mass and the supramassive limit mass (the maximum mass that can be supported when allowing for maximal uniform rotation) for each of these EOSs. Compared to the values of Γ nuc ef f reported in [17] for the FPS and APR EOSs, our results differ by 0.04% and 1.56%, respectively. Note that we have ranked the EOSs in Tab. I in order of increasing C 1.4 and Γ nuc ef f . By both metrics of the stiffness APR is the stiffest, and FPS is the softest. Using C
as a measure of EOS stiffness is better suited for realistic EOSs because in using Γ nuc ef f we are approximating the EOS as a single polytrope which would not account for microphysical phenomena that can soften or stiffen the EOS at varying energy densities. However, using Γ nuc ef f to measure EOS stiffness is useful when comparing features in the solution space of realistic EOSs to those of polytropes. All of the EOSs in our set have 2.5 < Γ nuc ef f < 3.1, and it turns out that certain features of the solution space for these realistic EOSs are consistent with the Γ ≥ 2.5 polytropes [21] , as further discussed in Sec. V.
In order to see how well approximated the realistic EOSs are by single polytropes, we also include a polytropic representation of each nuclear EOS. Along with the effective adiabatic index Γ nuc ef f , we calculate an effective polytropic constant κ nuc ef f for each EOS as detailed in Appendix A.
The polytropic representations of the nuclear EOSs are presented in Fig. 1 . Although not perfect, using a single polytrope to represent the nuclear EOS is reasonable at higher densities, and the qualitative results of [21] for polytropes of varying polytropic indices may be suitably compared to those presented in this work for nuclear EOSs.
IV. METHODS
We adopt the code detailed in [22] and [33] (hereafter referred to as the Cook code) to solve the coupled Einstein-hydrostationary equilibrium equations in axisymmetry. This code was also used in [16, 17] . In this section we describe the numerical grid and tests we performed to validate the code in the case of differentially rotating stars found by [19] [20] [21] .
A. Numerical grid and determination of stellar surface
The stellar models are constructed on a numerical grid where the computational domain in spherical polar coordinates covers the regions 0 ≤ r ≤ ∞ and 0 ≤ θ ≤ 2π. Instead of the coordinates (r, θ) in Equation (1), the code solves the coupled Einstein-hydrostationary equations in coordinates defined by u = cos θ, and a compactified radial coordinate s that maps spatial infinity onto the computational domain as
By construction, the surface of the star on the equator corresponds to r −→ r e and s −→ 1 2 . Adopting the coordinates (u, s) results in the radial grid points being concentrated closer to the origin. This is not very convenient, because it does not allow an accurate determination of the stellar surface, which is necessary to computeβ through the surface derivative appearing in Equation (4) . To resolve this problem we adopt very high radial resolution. We use linear interpolation along r of the pressure (p) to determine the location where the pressure drops to 10 10 dyn/cm 2 , which is more than 20 orders of magnitude below the maximum pressure in the neutron star models. We call that location the surface of the star. We have experimented with higher order interpolation, too, but found that linear interpolation exhibits convergence to within 1% in most cases, and within 3% at most in some cases, in finding the surface at the adopted radial resolutions. This is not the case with higher order interpolation because it is oscillatory. This procedure determines the surface of the star as r surf (u), which we use to compute numerically the derivative needed forβ in Eq. (4), which we re-express asβ
where
and
We use a 3-point one-sided stencil for finite differencing combined with high radial resolution on the solution grid to determine the numerical derivatives in Equation (11) . We determine the necessary grid resolution by calculatingβ for benchmark sequences including spheroidal, quasi-toroidal, and near mass-shedding models at increasing resolution until the results converge to within 1% accuracy in most cases, but within 3% at most in some cases. A typical configuration is constructed with 500 grid points covering the equatorial radius for polytropes, 1250 points covering the equatorial radius for nuclear EOSs, and 500 grid points covering the angular direction in all cases. All parameters in the quadruplet ( max , rp re ,Â −1 ,β) besidesβ are specified as inputs to the Cook code.
B. Solution Space of a Γ = 2 Polytrope
A polytropic EOS is described by
where p is the pressure, ρ 0 is the rest mass energy density, κ is the polytropic constant, and Γ is the adiabatic 
Mass-shedding parameterβ as a function of rp re at fixed maximum energy density max = 0.12 for a Γ = 2 polytrope at varying degrees of differential rotation. The solid black line shows the separatrix at the critical value of differential rotationÂ −1 crit = 0.75904 found in [19] , which divides the solution space into the three regions wherein we are able to build equilibrium models. The colored lines show the characteristic sequences of equilibrium models for spheroids (Type A, right of the separatrix), quasi-toroids (Type B, left of the separatrix), and spheroids/quasi-toroids (Type C, above the separatrix). crit at several values of the maximum energy density max (and log of specific enthalpy Hmax ≡ log(hmax)) in polytropic units for polytropes of four different polytropic indices Γ. Also shown is the percent error (calculated using (17)) for each value of A −1 crit compared with those of Table A1 in [21] . index. When treating polytropes, we employ polytropic units, such that κ = G = c = 1. For a Γ = 2 polytrope, [19] and [20] showed that there exist four types of solutions, as we discussed in Sec. II, and focused on the maximum rest mass models obtainable for each type of solution. In [20] it was speculated that [16] was unable to discover the different types of solutions of differentially rotating stars due to limitations of the Cook code. Here we demonstrate that the Cook code can reproduce many of the Γ = 2 results reported in [20] . We find that how one searches the parameter space is the greatest limitation in constructing different types of differentially rotating stars. Given that the code of [20] is spectral, we use the results reported in that work to gauge the accuracy of the Cook code.
Unlike the code of [20] which employs surface fitted grids and also appears to be able to control the parameterβ, the Cook code builds rotating stars by specifying the triplet ( max , rp re ,Â −1 ). Once a configuration has been built,β is determined by use of Eq. (11). This makes scanning the full parameter space challenging, and is probably the reason why we were not able to build sequences of Type D and lower-β Type B stars. At a given value of max , there exists a critical degree of differential rotation at which the solution space exhibits equilibrium solutions of all types (A, B, C, and D) . Three out of the four solution types we were able to construct with the Cook code for max = 0.12 are shown in Figure  2 . The solid black curve in the plot is the separatrix in the solution space which corresponds to the critical degree of differential rotation, and separates the space into four regions, each corresponding to a solution type (although here we have only three regions because we could not generate Type D sequences). Type A solutions are found on the lower right part of the plot, e.g., with values of A −1 ∈ {0.0, 0.4, 0.7}; Type B solutions are found on the left side of the plot, e.g., with values ofÂ −1 ∈{0.4, 0.7}; the Type C solutions are found along the top part of the plot, e.g., with values ofÂ −1 ∈ {0.8, 1.0}.
C. Solution space
It was shown in [19] that for a fixed value of max ,Â crit . We effectively solve Equation (15) by locating the maximum in the rp re ,Â −1 min plane. We find that this extremum is a global maximum, so that it is possible to accurately locate the value ofÂ −1 crit with our method instead of actually solving Eq. (15) as was done in [20] . The critical value we find for Γ = 2 polytropes at max = 0.12 isÂ −1 crit = 0.7612, which is only ∼ 0.284% greater than the critical value ofÂ −1 crit = 0.75904 found in [20] . To more accurately determine the value ofÂ −1 crit we slowly lower the value ofÂ −1 until we reach a value that exhibits solutions of all types (except for type D which we cannot build), which are continuously joined (the defining feature of the separatrix). This procedure allows for the determination ofÂ 
, and maximum energy density max for the maximum rest mass models of a Γ = 2 polytrope. Also shown for each model are the ratio of central to equatorial angular velocity Ωc Ωe , the rest mass M0, the ratio of kinetic to potential energy
, angular momentum J, and ratio of ADM mass to circumferential radius M Rc . For each quantity of interest we also report the percent error [δ()] as defined in Equation (17) . accuracy. In Table II we show the value ofÂ crit at the same maximum energy densities and for the same polytropic indices can be found in Table A1 in [21] . All of the values ofÂ −1 crit presented in Tab. II agree with those in Table A1 in [21] to within 1%. Note that we also list the logarithm of the specific enthalpy H max ≡ log(h max ), where
to offer easier comparison to the results of [21] . In Table III we show properties of the maximum rest mass models obtained for a Γ = 2 polytrope. For each quantity also computed in [20] , we show the percent error between our models and the corresponding ones in [20] , computed as
where x represents the values obtained using the Cook code, and x ref represents the values presented in [20] .
Given that the code of [20] is spectral, δx is an estimate of the error in our calculations for the resolution we adopt. Note that we also show δx for the values ofÂ Table  II .
The highest fractional differences are seen in the Type B models, going as high as O(10%) in the rest mass and angular momentum for the most massive configuration and less than 10% in other quantities; in all other cases the errors are sub-percent. We suspect that the relatively high residuals in some of the Type B models we built are due to the fact that the solutions presented in [20] are near the mass-shedding limit (highly pinched and quasitoroidal at lowβ), whereas the corresponding models presented here belong to the part of the Type B sequence at higher values ofβ. Close inspection of the Type B sequences in [20] shows that they are not always singlevalued in rp re , so that without the full solution space coordinates (i.e, the full quadruplet ( max , rp re ,Â −1 ,β)) two distinct models may be misindentified as the same equilibrium solution. Because only the triplet ( max , rp re ,Â −1 ) is presented in [20] for these maxmimum mass models, we cannot be sure that we are comparing the same two models. However, the confidence in our solutions is supported by the fact that the majority of other cases show sub-percent residuals in all of the model properties.
The highest mass models built in [20] and [21] were of Type B with the lowest value ofÂ −1 among those considered. We note that the maximum rest mass Type D models presented in [20] and [21] neither exceed the maximum rest mass Type B models nor Type C models in the rest mass in all cases where they could be built. We anticipate that this result holds true for realistic EOSs, too. Although we were unable to construct a suitable sequence of Type D models with the Cook code, Type D models are likely unphysical as pointed out in [21] . Despite the limitations of non-spectral codes, here we showed that the Cook code can generate Type A, B, and C models, and closely match the maximum-mass configurations for a Γ = 2 polytrope obtained with a spectral code. This result gives us confidence that the maximum-mass models we report for realistic EOSs in the next section are the true maximum-mass type A and C modes, and very close to the true maximum-mass Type B models. crit , are displayed in Table IV for each EOS. 
V. RESULTS WITH REALISTIC EQUATIONS OF STATE
In this section we discuss the solution space of differentially rotating, relativistic stars with realistic equations of state and the maximum rest mass they can support.
The solution space depends on the value of max . To reveal as large a fraction of the space of solutions as possible, for each EOS we obtain the critical degree of differential rotationÂ 
too.
In Figure 4 , we show meridional contours of the energy density normalized to max for different types of differentially rotating stars constructed with the HFO EOS. The top left and right panels of Fig. 4 depict the maximum rest mass Type A models forÂ −1 = 0.0 (uniform rotation) andÂ −1 = 0.4 (largest rest mass Type A model), respectively. The bottom left and bottom right panels depict the largest rest mass Type B and Type C models, respectively.
Although we were not able to build complete sequences of Type D equilibria, we were able to construct individual candidate configurations near the mass-shedding limit, and for values ofÂ Table VI for HFO) . Once the closest model to mass-shedding for the separatrix was built, we decreased the value of rp re while increasing the value ofÂ −1 and searched for models near mass-shedding.
A. Maximum rest mass
We search for the maximum rest mass models for A −1 ∈ [0.0, 1.0] in increments of 0.1, as well as forÂ −1 = 1.5. We also build the benchmark TOV limit model (M T OV 0,max ), and the supramassive limit model (M sup 0,max ) against which we compare the increase in rest mass when considering differential rotation. For these same models, we also consider the increase in the gravitational mass and max while varying rp re from 1.0 to 0.01 and found the model with the largest rest mass. To find the maximum rest mass Type B models presented here we first built models atÂ −1 = 1.5 and rp re = 0.01 (Type C models), then decreasedÂ −1 to the target value, and finally increased rp re to as high as possible. For each model type we then change the value of max while holdingÂ −1 fixed, and repeat the aforementioned scans, resulting in a set of maximum rest mass models for each value of max at a given value ofÂ −1 . The model with the largest rest mass among these is taken to be the maximum rest mass model for a given value ofÂ −1 and of a given type (A, B or C). We note that since we are not able to build completeÂ −1 -constant sequences for Type B stars, the values we report for the Type B stars correspond to the maximum rest mass configurations found in our search.
Properties of the maximum rest mass models are shown in Tabs. V-VIII. We find that for the four EOSs considered here, the maximum rest mass model is the configuration withÂ −1 = 0.4 (the lowest value ofÂ
for which Type B models exist that we considered) and is always a Type B model. For polytropes, [20] showed that Type B models at the lowest possible value ofÂ
are the most massive ones, too. As shown in Tabs. V-VIII, depending on the EOSübermassive configurations arise not only for Type B, but also for Type C stars. Our search results suggest thatÜMNSs are, in general, more common for softer EOSs, which is consistent with our finding that softer EOSs lead to larger increases in the rest mass. We now compare our results for the APR and FPS EOSs with those of [17] . In [17] models of differentially rotating stars were constructed that exceeded the TOV limit rest mass by at most 31% for APR and 46% for FPS. Given that the maximum rest mass models for APR and FPS reported in [17] correspond toÂ −1 = 0.3, and A −1 = 0.5, respectively, it suggests that these models were of Type A. However, maximum rest mass Type B models (quasi-toroidal models at low degree of differential rotation) are in all cases more massive than maximum rest mass Type A and C models. When considering Type B models, we find that the maximum rest mass can increase by as much as approximately 100% and 150% in the cases of APR and FPS, respectively. The largest increase in rest mass for NL3 and HFO is approximately 120% and 130%, respectively. These maximum rest mass configurations are allÜMNSs. We emphasize the fact that generally Type B models tend to be the most massive, and that they show the largest increase in rest mass when compared to the TOV limit, as depicted in Figure 5. We find that among Type A models, those with larger values ofÂ −1 tend to have larger rest mass. However, the relationship betweenÂ −1 and M 0 for Type A models is not monotonic. There appears to be a value ofÂ −1 above which the maximum rest mass begins to decrease as seen from the curves in the lower left corner of Fig. 5 . This feature of the solution space was also observed in [21] for a Γ = 2.5 polytrope, suggesting that it may arise for stiffer EOSs. We note that this feature is observed for all EOSs we study here, which have effective polytropic exponents of Γ nuc ef f 2.5. For Type A the largest rest mass models were found for a value ofÂ −1 of 0.3 for APR, 0.35 for NL3, 0.4 for HFO, and 0.45 for FPS, respectively, suggesting that the value ofÂ −1 at which the maximum rest mass begins to decrease is smaller for stiffer EOSs (Note that we also built maximum rest mass Type A models in increments ofÂ −1 = 0.05 for finer resolution in Fig. 5 ).
For Type B and C models, we observe the same monotonic behavior between the increase in rest mass relative to the TOV limit andÂ −1 as seen for stiffer EOS in [21] i.e., the maximum rest mass increases with decreasinĝ A −1 . We also find the same general ordering of EOS by stiffness whereby softer EOSs (FPS and HFO) tend to exhibit larger increases of the rest mass compared to the TOV limit (see Fig. 5 ).
It is noteworthy that the largest increase in rest mass is seen in the FPS EOS, the softest EOS in our set. In [21] the maximal increase in rest mass was observed for a moderately stiff EOS which was neither the softest nor the stiffest considered. There it was argued that, generally, the increase in rest mass compared to the TOV limit due to differential rotation decreases with increasing stiffness. We observe the same trend with realistic EOSs for Type B and C models, which indicates that the largest increase in rest mass due to differential rotation is possible for quasi-toroidal configurations described by softer EOSs. For the polytropes considered in [21] , it was found that stiffer EOSs show larger increases in the rest mass for Type A models of lowÂ −1 (0.0 to 0.4) We find a similar general trend for the Type A models at loŵ A −1 (0.0 to 0.3) presented here. However, an "anomaly" in this trend is seen in the case of the APR EOS. For instance, the lowÂ −1 (0.0 to 0.3) maximum rest mass models for the FPS EOS (the softest considered here) show a very similar increase in the rest mass as those of APR (the stiffest EOS considered here), as can be seen from the lowÂ −1 part of the leftmost curves of Figure 5 and the corresponding M 0 M T OV 0,max entries of Tables V and   VIII for Type A models of lowÂ −1 . A possible explanation for the break in the trend is that [21] consider a large range of adiabatic indices 1.8 ≤ Γ ≤ 3.0, whereas the effective adiabatic indices of the EOSs in our sample cover a smaller range. On the other hand, assigning one number to stiffness in the case of realistic EOSs may not be entirely appropriate as the stiffness defined through stellar models may depend on the choice of mass. For example, the TOV mass-radius curves of the HFO and APR EOSs intersect near their corresponding TOV limits (see Appendix B). In this work we defined stiffness based on the maximum rest mass TOV configurations and on TOV configurations with gravitational mass of 1.4M . It is also the case that Type A configurations of lowÂ −1 mostly sample the value of max from higher density regions of the EOSs which may be of comparable stiffness. This is supported by the fact that in all cases considered here, the values of max for the Type A models of lowÂ −1 are larger than for the Type B and C models. The anomaly we mentioned above would not be observed for EOSs of constant stiffness as defined by the effective polytropic exponent, as in the case of the polytropes of fixed polytropic index studied in [21] . A systematic study of the effect may employ realistic EOSs as done here or a piecewise polytropic EOS such as those presented in [34] [35] [36] , where the polytropic index has a dependence on the energy density. However, such a study goes beyond the scope of the current work.
VI. CONCLUSIONS AND DISCUSSION
In this paper, we have presented results for the solution space of general relativistic differentially rotating neutron stars with realistic EOSs. We found that the different types of differentially rotating equilibrium solutions that were previously discovered for polytropes [20, 21] with the KEH rotation law [18] , exist for realistic neutron star equations of state, too. Moreover, we demonstrated that codes based on the KEH scheme [18] , such as the Cook code [22, 33] , can build these different types of stars, although we were not able to construct Type D sequences of constant degree of differential rotation and constant maximum energy density or complete Type B sequences. The Cook code is capable of building most of the extremely massive quasi-toroidal, relativistic configurations using realistic EOSs, but finds it challenging to converge on solutions which are both highly pinched and quasi-toroidal. Note that Type D stars are not likely to be physical [20, 21] .
We presented the maximum rest mass configurations found in our search of the solution space for three of the four types of solutions we were able to construct. As in [20, 21] we find configurations that can support a mass more than 2 times the TOV limit. We called these configurations "übermassive". For the equations of state considered here we find thatübermassive stars can support up to 150% more rest mass than the TOV limit mass with the same equation of state. This number is a lower limit to the maximum rest mass that can be supported by differential rotation. We have classified the maximum mass configurations we found as supramassive, hypermassive orübermassive, and found that depending on the equation of stateübermassive stars can be Type B or Type C.
Differentially rotating hypermassive neutron stars can form following binary neutron star mergers. Clearly, following such a merger, the remnant configuration cannot have mass more than 2 times the TOV limit mass. Thus, theübermassive configurations we found may never appear in Nature, and if they do they would have to form through some more exotic channel. Moreover, it is well known that in binary neutron star mergers there exists a threshold value for the binary total mass above which a black hole forms promptly after merger [37] [38] [39] [40] [41] [42] . This value for the treshold mass (M thres ) depends on the equation of state, and for quasicircular, irrotational binaries it may be up to ∼ 70% greater than the TOV limit mass [37] . It may also be that for irrotational binaries M thres ∈ [2.75 − 3.25]M [43] . Therefore, it may be difficult to form even extreme hypermassive neutron stars in binary neutron star mergers. An exception may be dynamical capture mergers such as those studied recently in [44] [45] [46] [47] [48] [49] [50] [51] , where the total angular momentum at merger can be higher than those in quasicircular binaries, which can provide additional centrifugal support.
Regardless of the precise value of M thres the question about what type of differentially rotating star can form following a neutron star merger remains open. This is interesting because less dramatic, but significant increases to the maximum supportable mass can arise for degrees of differential rotation different than those corresponding to the more extreme cases. Such configurations may be relevant for binary neutron star mergers, and may have implications for the stability and lifetime of their hypermassive neutron star remnants.
Another important question is how well the KEH rotation law describes the differential rotation profile of a hypermassive neutron star formed in a binary neutron star merger and whether the different types of stellar solutions are unique to the KEH law. The rotational properties of hypermassive neutron stars formed in quasicircular binary neutron star mergers have been studied recently in a number of works [52] [53] [54] [55] [56] and they appear to deviate from that of the KEH rotation law. Nevertheless, the rotation profiles reported in [46, 47] for eccentric neutron star mergers are different and seem to be within the realm of the KEH rotation law. Interestingly, the remnants found in [46, 47] were also quasi-toroidal. In a recent work a new differential rotation law was introduced [57] which captures the rotational profile of some binary neutron star merger remnants. An interesting follow up to our work is to adopt this new rotation law and investigate the maximum possible mass that can be supported for different realistic EOSs and whether different types (or even more types) of differentially rotating stars arise.
Finally, the issue of dynamical stability of the different types of differentially rotating stars is important to address. Moreover, areübermassive stars dynamically stable? Many of the equilibrium configurations we built have T /|W | > 0.25, and hence are unstable to a dynamical bar mode instability (see [7] and references therein). Some of the configurations we built have dimensionless spin parameter J/M 2 > 1, which does not necessarily imply collapse on a secular timescale, as the star can be unstable to non-axisymmetric modes and collapse through fragmentation (see [58, 59] and [7] for a review). Non-axisymmetric instabilities in differentially rotating stars arise even for low values of T /|W | [60] [61] [62] [63] [64] [65] [66] [67] [68] and in binary neutron star merger remnants [46-48, 69, 70] . If a certain type of solution is dynamically unstable to collapse, then it cannot arise in Nature, despite the fact that the equilibrium configuration can support an amount of mass much larger than the TOV limit. Unlike the case of uniformly rotating stars the turning point theorem [71] [72] [73] does not apply to differentially rotating stars (although it seems to apply approximately for type A configurations [74, 75] ), therefore dynamical simulations in full general relativity offer a straightforward avenue to study the dynamical stability of these configurations. The solutions we have constructed can serve as initial data for such dynamical simulations. We will address all of these open questions in future studies.
TOV ADM masses of the nuclear and polytropic EOSs, 
The quantity in the parentheses of Equation (A1) is then converted to a unit of length (specifically, we work in cgs units). We then replace the appropriate factors of G and c needed to express our physical quantities in cgs units, 
where Γ nuc ef f is the effective adiabatic index as calculated in Section III.
Appendix B: Mass-radius curves for realistic equations of state
Here we present the mass-radius relation of the nuclear equations of state used in this work. As can be seen from Figure 6 , all EOSs but the FPS EOS respect the upper bound set on NS masses from observations of the most massive pulsar to date, PSR J1614-2230 [28, 29] . Despite the FPS EOS having a maximum mass which falls below this upper bound we include it in this study to offer a comparison to the results of [17] . It is also useful to consider the FPS EOS as an example of a relatively soft nuclear EOS. We find that the maximum increase in rest mass when compared to the TOV mass for the FPS EOS is the highest (150%) in the set of EOS we considered (see Fig. 5 ), which is consistent with our finding that softer EOSs result in larger increases of the rest mass relative to the TOV mass.
All EOSs but the NL3 EOS respect the 90% confidence upper bound on NS radii set by the tidal deformability of NSs as inferred from GW170817 [12, 31, 32] . Despite the fact that using the NL3 EOS results in stars with radii above this upper bound we include the it in this study to investigate the solution space of differentially rotating stars and maximum rest mass solutions for an EOS with a relatively large TOV mass. It is also useful to consider the NL3 EOS to investigate the solution space of differentially rotating stars for a relatively stiff EOS. [28] . The vertical solid line corresponds to upper limit on the NS radius from considerations of the tidal deformability as inferred from GW170817 [32] .
We find that the maximum increase in rest mass when compared to the TOV mass for the NL3 EOS is among the lowest (120%) in the set of EOS we considered, which is consistent with our finding that stiffer EOSs result in smaller increases of the rest mass relative to the TOV mass.
